The partial differential governing equation governing fluid infiltration into an unsaturated transversely isotropic porous medium was developed by considering mass conservation, Darcy's law, and the elastic deformability of the porous skeleton. Analytical solutions for two-dimensional coupled infiltration in an unsaturated porous medium of finite extent were obtained using a Fourier transform technique. The analytical formulation was used to examine the two-dimensional infiltration and evaporation problem for a transversely isotropic unsaturated porous medium. This study provides a comparison between the analytical solution and computational estimates for a two-dimensional coupled infiltration problem in a transversely isotropic deformable porous region where there is recharge at the surface. The results indicate that the pressure head changes occur most rapidly when the unsaturated porous medium is hydraulically isotropic.
Infiltration into an unsaturated porous medium is a common phenomenon, where precipitation can produce a downward flux within the unsaturated porous medium. During rainfall the water infiltrates the porous medium, and the negative pressure head in an unsaturated medium can gradually decrease. The water flow in both saturated and unsaturated porous media can be described by a flow law of the Darcy type, and the flow is governed by the mass conservation relationship. In conventional studies related to infiltration, the influence of deformation on the porous medium is disregarded. In this study, we considered the case where deformation in the porous medium can influence the infiltration process. Swelling and shrinkage of the porous medium near the ground surface can also occur due to wetting and drying cycles. These variations in the stresses can influence the seepage process because of changes in the soil hydraulic properties such as porosity, permeability, and water storage capacity that occur with stress. Seepage and stress-induced deformation problems in unsaturated porous media are important to practical engineering problems.
Natural soils possess complex internal microstructures. These microstructures can evolve due to processes such as consolidation and creep, which can lead to the development of a soil fabric that can be both hydraulically and mechanically anisotropic. These processes can occur on a geological time scale or can be induced by engineering activities such as dam and embankment constitution, landfill, etc. Rainfall infiltration into unsaturated expansive soils can lead to their swelling as well as collapse, depending on the clay mineralogy and fabric arrangement (Ichikawa and Selvadurai, 2012) .
The analytical solutions to infiltration in unsaturated porous media are a basis for understanding the influence of the infiltration mechanisms. An analytical solution of the governing equations involving unsaturated infiltration can also assist in the evaluation and calibration of the accuracy of the computational solutions to practical problems. Many researchers have examined infiltration problems using analytical solutions (e.g., Philip, 1969; Warrick, 1975; Batu, 1983; Pullan, 1990; Srivastava and Yeh, 1991; Basha, 1999 Basha, , 2000 Tartakovsky et al., 1999; Schoups and Hopmans, 2002; Yuan and Lu, 2005; Selvadurai and Selvadurai, 2010 . The analytical solutions to one-, two-, and three-dimensional infiltration in unsaturated soils in single-and two-layer systems usually use methods based on either an integral transform technique (Frydrychowicz and Selvadurai, 1996; Basha and Selvadurai, 1998) or Green's function techniques (Philip, 1986; Srivastava and Yeh, 1991; Basha, 1999 Basha, , 2000 Chen et al., 2001; Huang and Wu, 2012; Zhan et al., The analytical solutions to two- www.VadoseZoneJournal.org p. 2 of 8 2012). Laplace transform techniques are used to obtain analytical solutions to one-dimensional infiltration in single-and two-layer unsaturated soils (Srivastava and Yeh, 1991) . Using the same method, Zhan et al. (2012) proposed an analytical solution for rainfall infiltration into an infinite unsaturated slope irrespective of whether the slope is homogenous or two layered. This solution can simulate the infiltration process where there is a stable groundwater level in the region. Chen et al. (2001) used a Fourier integral transformation and a three-dimensional linearized Richards equation to derive analytical solutions for the volumetric water content distribution in single-layer unsaturated soils.
Analytical solutions to the coupled infiltration problem for homogenous and two-layer porous media have been obtained using Fourier integral and Laplace transformations (Wu and Zhang, 2009; Wu et al., 2012) . Analytical solutions can also be developed for the one-dimensional coupled problem. The objective of this study was to develop an analytical solution for two-dimensional coupled unsaturated seepage and deformation in a transversely isotropic, unsaturated porous medium. Using a Fourier transform technique and a suitable set of transformations, we obtained analytical solutions to the two-dimensional coupled infiltration in an unsaturated medium that was assumed to exhibit transverse isotropy in the hydraulic and mechanical properties. The influence of the transverse isotropy on the coupled infiltration was investigated.
Governing Equation of Coupled Infiltration Problems
To analyze the coupled infiltration problem analytically, several assumptions have to be made:
1. The mechanical behavior of the porous medium corresponds to that of a transversely isotropic medium under plane strain conditions 2. The liquid in the porous medium obeys Darcy's law 3. The pore air pressure in the porous medium remains constant 4. The volume change of the soil is due to the wetting or drying of the soil only, and the volume change due to total stress change is not considered 5. The soil structure is deformable, but the pore water is not compressible 6. Both hydraulic conductivity and saturation vary exponentially with the pressure head.
To successfully obtain the analytical solution to the two-dimensional infiltration, some additional assumptions are required. Assumption 6 simplifies the analysis of the two-dimensional coupled problem, and the coupled governing equations can be linearized and transformed into a solvable form.
Based on the mass conservation law and Darcy's law under isothermal conditions (Assumption 2), the two-dimensional governing equation for coupled infiltration and deformation of unsaturated soils can be obtained in the form (Kim, 2000; Wu and Zhang, 2009; Wu et al., 2012 )
where h is the pressure head; e v is the volumetric strain; h = (1 − n) 2 /(1 − n 0 ); n 0 is the initial porosity; q is the volumetric water content; S r is the degree of saturation; r is the density of water; and n is the porosity.
In this study, attention was given to two-dimensional problems in hydraulically and elastically orthotropic media under plane strain conditions (e yy = 0). In this case, the elastic stress-strain relation that takes into account the influence of pore air and pore water effects can be rewritten as (Fredlund and Rahardjo, 1993) 
where E x and E z are the elastic moduli of the soil with respect to changes in the net normal stresses in the x and z directions, respectively; H x and H z are the elastic moduli of the soil with respect to a change in soil suction in the x and z directions, respectively; n x and n z are the Poisson's ratios of the soil; (u a − u w ) is the soil suction; u a is the pore air pressure; and u w is the pore water pressure.
Equations [2] and [3] are based on Assumptions 1 and 2, which makes it easier to analyze two-dimensional coupled infiltration in the porous medium; these equations are obtained from the elastic constitutive model given by Fredlund and Rahardjo (1993) and Assumption 1. The assumption of elasticity simplifies the complex properties of the porous medium.
Because the total stresses are assumed to remain unchanged and the air pressure u a is assumed to be constant, the changes in total stresses are not considered and we obtain from Eq.
[2] and [3]
Porous media have complex mechanical properties (Desai and Siriwardane, 1984; Davis and Selvadurai, 2002; Selvadurai, 2007; Pietruszczak, 2010) . Elastic properties for the same porous medium vary according to the degree of saturation. In Assumption 3, the porous medium is elastic and the air pressure is kept constant. This simplifies the analysis of the two-dimensional coupled problem.
Considering two-dimensional plane strain states in the soil, we have e v = e xx + e zz . Then we can obtain the total volumetric strain rate as v w 1 2 1
where g w = rg, g is gravity, and h = u w /g w .
In this study, the fluid transport characteristics of the porous medium were considered to be transversely isotropic and the coordinate directions were assumed to coincide with the principal directions of elasticity. Hydraulic transverse isotropy in porous media has been extensively documented in the literature in geomechanics and groundwater engineering, and references can be found in Hvorslev (1951) , Bear (1972) , Selvadurai (2003a Selvadurai ( , 2003b Selvadurai ( , 2004 Selvadurai ( , 2007 Selvadurai ( , 2009 Selvadurai ( , 2011 , Selvadurai (2007, 2010) , Selvadurai et al. (2011) , Massart and Selvadurai (2012) , Selvadurai and Jenner (2013) , and Selvadurai and Najari (2013).
If we also restrict attention to incompressible pore fluids and substitute Eq.
[6] into Eq.
[1], the two-dimensional problem for coupled infiltration and deformation in unsaturated soils can be obtained in the following form:
where k x and k z are the permeability coefficients of the unsaturated porous medium in the x and z directions, respectively.
For the hydraulic conductivity of a transversely isotropic unsaturated medium in the x and z directions, we adopt the variations that are in the form of exponential functions (Gardner, 1958 ):
where k sx and k sz are the principal coefficients of hydraulic conductivities at full saturation in the x and z directions; a is the desaturation coefficient; and l is a dimensionless parameter describing transversely isotropic properties of infiltration. The orthotropic medium becomes uniform if l = 1.
The volumetric water content of the unsaturated medium is expressed as
Based on the relationship between the volumetric water content and the degree of saturation, i.e., S r = q(h)/q s , Eq.
[9] can be written as
McKee and Bumb (1984) suggested an exponential function for the relationship between the normalized water content and suction. This is also referred to as the Boltzmann model. Based on a statistical study of the experimental data, Sillers and Fredlund (2001) provided fitting parameters for the McKee and Bumb (Boltzmann) model for eight different types of soils. The exponential form, which was used by McKee and Bumb (1984) to describe the soil-water characteristic curve, gives the best results if the poresize distribution of the soil is close to a g distribution (Fredlund and Xing, 1994) .
From Eq. [7-10], we obtain the two-dimensional governing equation for the coupled infiltration:
where P = aq s + hag w [1/H z + (1 + 2v x )/H x ] and q s is assumed to be constant.
In Eq.
[11], P is composed of two parts, one of which is from the uncoupled part while the other is a contribution from the deformations. The effects of volume change in the soil on the saturation and permeability are not considered.
Introducing a change in the dependent variable designated by (i.e., the Kirchhoff variable),
Eq.
[11] can be rearranged as
It is diffi cult to obtain an analytical solution from Eq.
[13] when l ¹ 1. Th erefore, by assuming l = 1, which implies that a has the same value in the x and z directions, Eq.
[13] can be reduced to 2 2 s s s 2 2
6 Formulati on of the Initi al Value Problem
Two-dimensional infi ltration through a transversely isotropic unsaturated soil applicable to a rectangular region of width a and height b, as shown in Fig. 1 , was examined. Th e two-dimensional transient infi ltration problem applicable to the region generally involves one initial condition and four boundary conditions (Ozisik, 1989; Selvadurai, 2000) , which are as follows:
where h i is the initial condition for the equilibrium case; h 0 is the pressure head at the lower boundary, which is zero if the lower boundary (z = 0) is located at the stationary groundwater table; and q is a function that varies with position (x) and time (t).
Using dimensionless variables, Z = az, X = ax(k sz /k sx ) 1/2 , T = ak sz t/P, and defi ning a new variable, V(X,Z,T),
[13] can be rearranged as
Th is is a classical heat conduction-type equation; the boundary and initial conditions are 18.5] in which A = aa and B = ab.
Analyti cal Soluti ons to

Two-Dimensional Coupled
Infi ltrati on
Using a Fourier integral transform (Ozisik, 1989) , the general solution to the initial boundary value problem posed by Eq.
[17] and [18] can be written as 
Equation [19] can be rewritten as ( [23] will approach zero when m and n approach infi nity for all times. Here, the analytical solution is convergent in the domain.
Th e analytical solution given by Eq.
[19] has a series form. It can be shown that the inclusion of m, n = 150 is suffi cient to ensure convergence of the results.
Numerical Results
The analytical results presented above can be used to develop numerical results. Table 1 lists the parameters used in the development of the numerical results for certain idealized situations. In the analysis, the boundaries were kept unchanged. Figure 2 shows the pressure head profi les of two-dimensional coupled infi ltration in an isotropic porous medium. Th e values of Table 1 . Th e parameters used in the analysis of the two-dimensional coupled infi ltration problem for the transversely isotropic unsaturated medium: maximum infi ltration rate at the surface boundary (q 0 ), elastic moduli of the soil with respect to a change in soil suction in the x and z directions (H x and H z , respectively), and principal coeffi cients of hydraulic conductivity at full saturation in the x and z directions (k sx and k sz , respectively). a, which ranges from 0.01to 2.6 cm −1 , are those given by McKee and Bumb (1984) . Th e parameters used to develop the results shown in Fig. 2 . Th e parameters in the z direction were kept unchanged (H z = 10 3 kPa, k sz = 10 −5 m s −1 ). In these three cases, the boundary conditions were unchanged (q 0 = 0.8 ´ 10 −5 m s −1 ). Obvious changes in the pressure head in the surface zones can be seen; in the deeper zones, where there is no water infi ltration, the infl uences of the pressure head are negligible. When there is a smaller diff erence between the horizontal and vertical coeffi cient of permeability (i.e., k sx ³ k sz ), infi ltration into the unsaturated medium is more rapid. When the porous medium is hydraulically isotropic, the pressure head changes occur much faster. Figure 5 gives a comparison of the water pressure head calculated using a numerical solution and the analytical solution. The analytical solution was obtained using Eq.
[18], and the FlexPDE software was used to obtain the numerical results, where the convergence criterion was 10 −4 . Th e error between the numerical and analytical solutions is <0.5%.
Conclusions
An analytical solution for two-dimensional coupled infi ltration into a transversely isotropic unsaturated porous medium was examined. Such a solution can analyze rainfall infi ltration and evaporation in isotropic and transversely isotropic unsaturated porous media. The analytical solution was used to validate a numerical approach for examining the transient fl ow induced by infi ltration into transversely isotropic unsaturated porous media. The analytical method provides an effective tool for assessing possible pressure head changes in two-dimensional orthotropic porous media considering the coupled eff ects. Th e results indicate that when the unsaturated porous medium is hydraulically isotropic, the pressure head changes more rapidly. Th e diff erence between the horizontal and vertical hydraulic conductivities in a transversely isotropic porous medium has an infl uence on the pressure head profi les. 
